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Abstract—Full-waveform lidar has gained increasing attention
in 3-D remote sensing and related disciplines during the last
decade due to its capability of delivering both geometric and ra-
diometric information in the same spatial resolution. Radiometric
information may either be related to the echo, e.g., echo ampli-
tude and width, or to the target itself, e.g., the backscatter cross
section (BCS). Echo parameters, often obtained by Gaussian de-
composition, as well as target properties, which are (geo)physical
properties and therefore independent of data acquisition mission
parameters, are considered as additional features of the point
cloud generated by laser scanning. The BCS commonly is de-
rived by performing a deconvolution which results in its temporal
derivative, the differential backscatter cross-section (dBCS), and
subsequent integration. The temporal shape of the dBCS has
gained little attention in the literature so far. In this letter, we
discuss the derivation of additional target parameters, namely the
statistical moments of the respective target dBCS. Besides dis-
cussing the applicability of established deconvolution approaches
for the extraction of statistical moments in the dBCS, special em-
phasis is laid on their derivation in B-spline-based deconvolution.
Uniform B-splines allow for linear deconvolution and subsequent
radiometric calibration. We illustrate the potential of the proposed
method by a sample data set stemming from an airborne lidar
campaign in complex mountainous terrain.

Index Terms—Deconvolution, differential backscatter cross-
section (dBCS), feature extraction, laser scanning, light detection
and ranging (lidar).

I. INTRODUCTION AND MOTIVATION

THE use and demand for 3-D topographic data have seen
an ongoing increase in the past years. Airborne lidar (light

detection and ranging), also referred to as airborne laser scan-
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ning (ALS), has played a leading role. Its results, from the raw
3-D point clouds to subsequently derived digital models, have
been in use in many scientific and application areas, such as hy-
drology [1], [2], archaeology [3], forestry [4], geomorphology
[5], 3-D city modeling [6], [7], detection and reconstruction of
power lines [8].

Special ALS instruments, capable of full-waveform (FWF)
digitization, enable for the extraction of both geometric and ra-
diometric information in the same spatial resolution. Discrete-
return systems deliver a limited number of echoes per laser shot,
possibly accompanied by an intensity value, given as a unitless
digital number. In contrast, FWF systems allow for the extrac-
tion of a higher number of echoes, especially in short distances
to each other [9]. Furthermore, radiometric quantities of an
echo such as amplitude and echo width can be computed. Full-
waveform digitization performs an analog-to-digital conversion
of the incoming signal with a sampling in the order of 1 ns. In
comparison to single-photon-counting systems or gated view-
ing, both relying on multiple shots to synthesize the histograms
(waveforms) of the target’s backscatter [10], the raw waveforms
studied here are smoother. An introduction to small-footprint
FWF lidar, as dealt with in this letter, is given in [11] and [12].

Mallet et al. [13] derived echo attributes by assigning a func-
tion class to an echo and calculating the function parameters
for best fit. However, these echo attributes alone do not allow a
physical interpretation of the target since they are dependent on
the temporal profile and variability of the outgoing laser pulse
as well as on the settings of the flight mission (e.g., altitude,
pulse repetition rate and scan angle).

A further approach for such purposes is Gaussian Decom-
position which enables for additional radiometric calibration
of the FWF data [11], [14]. Gaussian Decomposition allows
for implicit deconvolution and thus determination of the differ-
ential backscatter cross-section (dBCS) as a spatially variable
physical target attribute. However, the approach relies on the
symmetry of both the outgoing laser pulse and the scattering
characteristics of the targets and so far, mainly echo attributes
have been derived from the echo waveform and used for classi-
fication tasks, e.g., by using the echo width for classification of
ground points [15].

This letter uses B-spline deconvolution [16] as basis. Ra-
diometric calibration in this context is described in [17] which
allows physical units to be given to all derived target properties.
Our contributions are:

1) radiometric calibration integrated in B-Spline deconvo-
lution which does not make symmetry and temporal
stability assumptions;
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2) practical demonstration of FWF point-cloud derivation
based on the first statistical moments (means) of the
dBCS; and

3) analysis of the central higher order moments (second to
fourth order) of the dBCS.

The letter is organized as follows: Section II is focused on
the physical background and the retrieval of the dBCS σ′(t)
and its integral, the backscatter cross-section (BCS) σ using
uniform B-splines. The proposed approach for extraction of
discrete targets and radiometrically calibrated attributes from
the dBCS is presented in Section III. In the subsequent section,
a sample data set, recorded over complex mountainous terrain
in the Ötztal Alps (Tyrol, Austria) is presented and discussed to
illustrate the potential of the presented approach. Conclusions
are given in Section V.

II. THEORY

The radar equation relates the transmitted laser power Pt(t)
of a single laser pulse to the corresponding echo power
Pe(t) [18]

Pe(t) =
D2

r

4πR4β2
t

Pt

(
t− 2R

vg

)
σηSηA (1)

with βt denoting the beamwidth of the transmitted signal, R the
distance from the sensor to the target, t the travel time, vg
the group velocity of the laser ray, σ the effective BCS (in
m2), Dr the receiving aperture diameter, ηA the atmospheric
transmission factor, and ηS the system transmission factor.
The BCS is a product of the target area (A[m2]), the target
reflectivity (�[ ]), and the factor 4π/Ω describing the scattering
angle of the target (Ω[sr]) in relation to an isotropic scatterer
[18]: σ = (4π�A)/Ω.

The ability to differentiate two scatterers along the line of
sight is limited by the digitization interval and the width of
the transmitted laser pulse. Equally reflective targets which are
closer to each other than half the pulse width do not result
in separate maxima in the echo waveform. However, using
advanced signal processing, the separation of targets closer
than half the pulse width is still possible [9]. Even shorter
separations were reported in [10] where the dBCS was a set of
Dirac impulses, thus making more assumptions on the observed
scene. Below the actual minimum separation distance, subse-
quent targets form an inseparable cluster, regarded as single
scatterers each. This gives a simplified version of Pe(t) as sum
of the contributions of N distinct scatterers

Pe(t) =

N∑
i=1

D2
r

4πR4
i β

2
t

ηSηAPt(t)⊗ σ′
i(t) (2)

with “⊗” denoting the convolution operator. Both the transmit-
ted signal and the received echo travel through the signal pro-
cessing chain of the scanner, therefore Pt(t) and Pe(t) cannot
be observed directly. However, one can observe their convolu-
tion with the system response Γ(t) of the instrument. This con-
volution results in the system waveform S(t) = Pt(t)⊗ Γ(t)
and the recorded echo power Pr = Pe(t)⊗ Γ(t), respectively.

Fig. 1. System waveform S(t) and recorded echo waveform Pr(t) modeled
as uniform B-spline curves. The original sampled values are indicated by black
crosses.

Using the commutativity of the convolution operator, the radar
equation can be written as follows:

Pr(t) =

N∑
i=1

D2
r

4πR4
i β

2
t

ηSηAS(t)⊗ σ′
i(t). (3)

The BCS σi of a target i is the integral of the dBCS σ′
i(t)

σi =

∞∫
−∞

σ′
i(t) dt. (4)

Though being a physical property of the scatterer, σ depends on
the incidence angle of the laser beam to the scattering surface
and the effective illuminated area A of this scatterer, and of
course on the wavelength of the laser used to illuminate the
target [17], [19].

A. B-Spline Deconvolution and Radiometric Calibration

Using uniform B-splines, the the BCS σ can be reconstructed
as follows [17]:

1) modeling of S(t) and Pr(t) as continuous functions with
uniform B-splines;

2) deconvolution of Pr(t) by S(t), yielding again a uniform
B-spline curve;

3) formulation and determination of a calibration constant
CCAL containing the constant but (yet) unknown param-
eters in the radar equation;

4) application of CCAL to finally derive the dBCS and
the BCS.

Beginning with the formulation of S(t) and Pr(t) as contin-
uous functions, we retrieve [16]

S(t) =

imax∑
i=1

bi,εB
nε
i (t) Pr(t) :=

kmax∑
k=1

bk,ρB
nρ

k (t) (5)

with the Bn
i being uniform B-splines, i.e., piecewise continuous

polynomial functions, scaled by the parameters (control points)
bi,ε and bk,ρ, respectively. An example for modeling S(t) and
Pr(t) as uniform B-spline curves is given in Fig. 1. The knot
distance Δt between subsequent control points and the degrees
nε and nρ need to be set in advance.
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For deconvolution—denoted by the symbol “⊗−1”—we in-
troduce a “distorted” version of the dBCS

σ̄′(t) =
D2

rηSηA
4πR4β2

t

σ′(t) = Pr(t)⊗−1 S(t). (6)

Note that the above equation does not refer to a single scatterer
but to the deconvolution of the whole backscattered waveform;
it is a uniform B-spline curve of degree nσ = nρ − nε − 1 and
jmax = kmax − imax + 1 control points bj,σ .

For retrieving σ̄′(t) with using B-spline deconvolution, we
have to solve the overdetermined linear equation system

bk,ρ =
∑

i,j:i+j−1=k

bi,εbj,σ (7)

with the control points bj,σ of σ̄′(t) as unknowns [16], which
follows from the properties of B-splines under convolution.
In contrast, Gaussian Decomposition allows for solving the
deconvolution implicitly [17].

We can extract from (6) the terms βt, Dr, ηS , and ηA as
unknown, but constant parameters. We finally get as calibration
constant CCAL

CCAL,B =
4πβ2

t

ηSηAD2
r

(8)

where the index B denotes the B-spline approach. (The for-
mulation of CCAL for Gaussian Decomposition is slightly
different, cf. [20].) The unit of CCAL,B is m−2. Empirical
studies have shown that the stability of the system waveform
is not sufficiently given [21], [22]. Thus, in our approach every
recorded echo waveform is deconvolved by its corresponding
system waveform. The calibration constant is determined us-
ing either reflectivity assumptions in homogeneous areas [11],
natural [23] or artificial [24] reference targets.

The range influence in the deconvolution can be eliminated
by multiplying each B-spline j with its mean range Rj,mean

to the power of 4, so every base function Bnσ
j is scaled by an

individual, but known factor b̃j,σ [17]

σ̃′(t) :=

jmax∑
j=1

R4
j,meanbj,σ︸ ︷︷ ︸
=:b̃j,σ

Bnσ
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ηSηAD
2
r

4πβ2
t

σ′(t).

With the above results for range determination of single
B-spline elements and the solution for CCAL, we can formulate
the dBCS as

σ′(t) = CCAL,B σ̃′(t) (9)

and consequently its integral σ as [17]

σ = CCAL,B

∞∫
−∞

σ̃′(t) dt = CCAL,BΔt

jmax∑
j=1

b̃j,σ. (10)

It shall be stated once again that still no discrete targets
have been extracted up to this point but the dBCS has been
formulated as a continuous function along the laser’s line of
sight. The extraction of individual echoes and target parameter
determination, both performed by calculating the statistical
moments, will be presented in the subsequent section.

B. Statistical Moments of the dBCS

A univiariate function f(x) can be considered as a probabil-
ity density function if f(x)≥0 for all x and its integral equals 1.
For such functions, statistical moments are defined as given
below. Provided that the dBCS of a target is non-negative,
a physical necessity, its fist statistical moment of σ′

i(t), the
mean m1,i, is defined as

m1,i :=
1

∞∫
−∞

σ′
i(t) dt

∞∫
−∞

tσ′
i(t) dt =

1

σi

∞∫
−∞

tσ′
i(t) dt. (11)

The central moments of degree n (n > 1) are defined as

mn,i :=
1

σi

∞∫
−∞

(t−mi,1)
nσ′

i(t) dt. (12)

The second central moment m2,i is referred to as variance, its
square root as standard deviation. We will concentrate on the
central moments of degree 2 to 4 in the subsequent text.

In the case of discrete functions, the integral is to be replaced
by a sum. The statistical moments of B-spline curves can be
derived analytically since these curves consist of piecewise
continuous polynomial functions.

III. METHOD

In this section, we describe the determination of the number
of targets in a dBCS derived by B-spline deconvolution, the
localization and subsequent derivation of target features from
the central moments of higher order. The dBCS is a piecewise
continuous univariate polynomial of low degree (typically 2
or 3 [16], [17]), so that its roots, derivatives and integral can
be calculated analytically. The number of targets is calculated
by extracting local minima in the dBCS from roots of its first
derivative. It results to the number of local minima minus 1.
The positions of the ith and (i+ 1)th minimum are taken
as lower and upper bound tl,i and tu,i of a dBCS segment
contributing to a target i, with tl,i+1 = tu,i. The corresponding
segment σ′

i(t) is defined as σ′
i(t) := σ′(t) for t ∈ [tl,i, tu,i) and

0 elsewhere. Its integral σi gives the BCS of the ith target. In
analogy to Gaussian Decomposition, the mean m1,i is taken
as the location of this target. The central moments of higher
degree are calculated using the formulas given in Section II-B.
Fig. 2 shows an example for this procedure, stemming from
an ALS data set recorded with an Optech ALTM 3100
system.

Due to noise, small negative parts may appear in the dBCS.
Since such negative parts contradict both the underlying phys-
ical model and the prerequisites for a probability density func-
tion, these parts are eliminated from further analysis and their
minimum replaced by the roots of the dBCS next to it.

A. Statistical Moments of the dBCS in Other Deconvolution
Approaches in Lidar Research

Gaussian decomposition [11] aims at reconstructing the echo
signal as superposition of Gaussian functions, i.e., scaled nor-
mal distributions. Since the system waveform is a Gaussian,
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Fig. 2. Example for target extraction and localization and feature derivation
based on statistical moments of the dBCS. The target location is set to the
mean m1,i of the segment between the ith and (i+ 1)th local minimum; its
BCS is the area under the curve in this segment. The image further shows the
square roots of the second central moments (variances), the standard deviations√

m2,i.

the output of the deconvolution results to a Gaussian. Normal
distributions are fully characterized by their first (mean) and
second central moment (variance), so that the higher moments
do not contain further information.

EM-Deconvolution [25] is targeted at deconvolving the echo
waveform by the system waveform into a train of spikes (one
per target) in a discrete time series. Thus, no statistical moments
besides the mean can be derived from the deconvolution.

Wiener-Filter [26] and regularized least-squares deconvolu-
tion [27] reconstruct the dBCS by discrete deconvolution in
time domain and spectra division in the frequency domain, resp.
Moments of arbitrary order can be derived from the resulting
function which is a discrete function though. In [26], the
deconvolution is eventually fitted to a superposition of Gaussian
functions, which makes assumptions on the dBCS.

IV. RESULTS AND DISCUSSION

The presented approach was investigated using FWF and
discrete-return ALS data from a flight strip within a campaign
performed in the Ötztal Alps (Tyrol, Austria) in October 2010.
In this campaign, an Optech ALTM 3100 instrument was used,
operating at a wavelength of 1064 nm, a pulse repetition rate
of 70 kHz and a pulse width of approximately 10 ns [12], [28].
With a beam divergence of 0.3 mrad and maximum range of
2 km, the maximal footprint size was 0.6 m. We chose our
test site around the village Obergurgl where built-up areas,
open terrain, high and low vegetation were present, as well as
flat areas and steep slopes (see Fig. 3). The 3-D point cloud
(approximately 1 pt/m2) was calculated from the extracted
means in the dBCS segments and the direct georeferencing
information.

The distributions of the BCS and the central moments from
degree 2 to 4 show a clear bimodality for the variance and the
fourth moment which are apparently quadratically dependent
(see Fig. 4). Visual analysis of Fig. 5 and the orthophoto in

Fig. 3. (Left) Orthophoto of the test area in Obergurgl (Tyrol, Austria).
Orthophoto: www.geoimage.at, accessed on July 18, 2013. (Right) Digital
surface model of the test area. Coordinates given in UTM, Zone 32N.

Fig. 4. Distributions of the parameters extracted from the test data set
(cf. Fig. 3): Histograms of the BCS σi and the second to fourth central moments
of its derivative, mi,2..4 (diagonal, from top to bottom). The non-diagonal
diagrams show the scatter plots of two of the four variables. The quadratic
relationship of mi,2 and mi,4 is clearly visible.

Fig. 3 suggests that the combination of BCS and variance may
enable discrimination between the following landcover classes;
see Fig. 5):

• built-up areas: very low BCS, low variance;
• sparse alpine vegetation: low BCS, low variance;
• high vegetation: low BCS, high variance;
• grassland: high BCS, low variance.

The third-order moments did only show additional infor-
mation in the way that positive values (and thus, positive
skewness) appeared mainly in higher vegetation. Consequently,
these moments were not investigated further.

Moreover, we analysed the geometric performance of the
presented approach in comparison to the discrete-return point
cloud and an FWF point cloud extracted with Gaussian de-
composition of the same flight strip in smooth areas. The
B-spline-derived ranges tend to be a few centimeters (mean:
2.5 cm, σMAD = 2 cm) lower than the corresponding ones of
the sensor and of Gaussian Decomposition.
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Fig. 5. Top view of the ALS point cloud of the test area (cf. Fig. 3). While the
point locations stem from the first statistical moments of the dBCS segments,
the color coding is composed of the BCS σi (red channel) and the variance of
the dBCS mi,2 (green channel).

V. CONCLUSION

This letter presents a novel approach for calculating target
features in full-waveform lidar data, derived by a B-spline-
based approach for deconvolution and radiometric calibration.
The mentioned features, stemming from the dBCS, are the
statistical moments of the dBCS, whose temporal profile had
not received the appropriate attention in the literature so far.
The first moment, i.e., the mean, serves for locating the target
in space, whereas the central moments of higher order can be re-
garded as radiometrically calibrated point features. On behalf of
a data set recorded in complex alpine terrain, it was shown that
the derived point cloud is comparable to both a discrete-return
point cloud as well as to a full-waveform point cloud derived
by Gaussian Decomposition. Moreover, especially the second
and fourth central moments, in combination with the BCS,
have shown their potential for separation of different landcover
types. Future research will focus on enhanced 3-D classification
using the statistical moments and, on the algorithmic side,
regularizing the used approach in order so suppress noise.
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